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Akin and Davis introduced Austrian Solitaire. It proceeds as follows: Start by laying
out piles from a deck of n cards such that each pile has size < L, where L is some fixed
integer. One specia pile called the bank is reserved on the side. A move of this game
consists of two steps. First, remove one card from each ordinary pile and put it in the bank.
Now from the bank lay out new piles of size exactly equal to L, continuing until the size of
the bank is < L (including the possibility of exhausting the bank). The operation is repeated
over and over.

Starting from any division into piles, one always reaches some cycle of partitions of n.
For example, starting from (0;4,3), where the first number in the parentheses corresponds
to the bank, the successors are (2;3,2), (0;4,2,1), (3;3,1), (1,4,2), (3;3,1).... Note that
(3;31), (14,2, (3;3,1), (1,42 - - - formacycle.

Akin and Davis suggested the problem of describing the cycles in Austrian Solitaire. In



particular, they conjectured that for any fixed deck size n and fixed integer L, there is a
unique cycle.

In previous study on cyclesin Austrian Solitaire (Project NSC 91-2115-M-034-001), we
proved that, for a fixed integer L, instead of considering arbitrary number of cards, it is
enough to consider Austrian Solitaire on n cards, where n is at most 1+2+ ... + L. Further,
we prove that if n +n'= 1+2+ ... + L + ( L -1), there is a one to one correspondence
between the cycles of n cards and the cyclesof n’ cards.

In this project, we study Austrian Solitaire on n cards, where n is a most ( 1+2+ ... +
L+ (L -1) )/2. We investigate the patterns of the sequences of banks, and try to describe the
cycles.
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Akin and Davis [1] introduced Austrian Solitaire. (The idea for the game arose when
they were reading a discussion of the so-called Austrian school of capital theory.) It
proceeds as follows: Start by laying out piles from a deck of n cards such that each pile has
size = L, wherelL issome fixed integer. One specia pile called the bank is reserved on the
side. A move A_ of this game consists of two steps. First, remove one card from each
ordinary pile and put it in the bank. Now from the bank lay out new piles of size exactly
equal to L, continuing until the size of the bank is < L (including the possibility of

exhausting the bank). The operation A, is repeated over and over.

Assume n and L are positive integers and n > L. We say A= (Ao; A1, A2,..., Ag) IS @n
L-partition of n (with s parts), provided 0 <Ao< L, L >A1>A>>...>As> 1, and these integers
A add up to n. Then each A corresponds to a stage in Austrian Solitaire with the bank Lo and
ordinary piles A;, 1 <i < s. So Austrian Solitaire can be viewed as a way of changing one
L-partition of n into another. For instance, if L = 4 and A = (0;4,3), then the successors of A
ae A (L) =(232), AP(1)=(0421), A9%)=331), AN =142, A1) =
(3;3,1),.... Notethat (3;3,1), (1;4,2), (3;3,1), (1;4,2), ... form a cycle.

This game has the following economic interpretation: Think of the ordinary piles as
machines. Each machine has, when new, alife of exactly L years. The size of a pileis the
number of productive years left for a particular machine. Each year it ages one year (and so
one card is removed from the pile). For each machine on line the company deposits 1/ L of
its cost into the bank as a sinking fund. Then it buys as many new machines as it can afford,
and the remaining funds are left in the bank until next year.
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For Austrian Solitaire, Akin and Davig 1] proposed
Conjecturel. For any fixed deck size n and fixed integer L, thereisa unique cycle.

We say an L-partition of niscyclicif AL( 1) =2 for somei > 0.

Note that A = (0; 5, 2) isacyclic 5-partition of 7and A’ =(0;5,5,4,3,2,2,1) isacyclic
5-partition of 22. In general, we proved in previous project ( NSC 91 — 2115 - M — 034 —
001)

Proposition 2. If n"> 1+2+ ... + L, then every cyclic L-partition of n’ consists of at least
onepartofi,fori=1, ..., L.

Thus there is a one to one correspondence between the cyclic L-partitions of n" and
the cyclic L-partitions of n'- (1+2+ ... + L). Further, the number of cycles for n’cards
equals the number of cycles for n'- (1+2+ ... + L) cards. (This number should be one, if
Conjecture 1 istrue.)

Note that 2 = (0; 5, 2) is a cyclic 5-partition of 7 and A" = (4;4,3,1) is a cyclic
5-partition of 12. Let n +n'= 1+2+ ... + L +( L -1). Let A= (Ao; A1, Ao,..., As) be acyclic
L-partition of n with A;# A;forali>j>0.Wesay A'=(L-1-ho; A'1, A/ 2,..., A'L5), 1S
thecomplementof L if{A"1, A o,..., A'Ls}={1,2,...,L}{ Aq, Ao,..., As}.

We proved in previous project

Proposition 3. Let n < 1+2+ ... + L + (L -1). If A= (Ao; A1, A2,..., Ag) IS@ cyclic L-partition
of n, then A; # A; for all i > j > 0.

Thus, every cyclic L-partition of n has a complement, and hence there is a one to one
correspondence between the cyclic L-partitionsof n and the cyclic L-partitions of of n' if
n+n=1+2+...+ L+(L-1).

The purpose of this project is to study Austrian Solitaire on n cards, where n is at most
(1+2+ ... + L+ (L -1) )/2. We investigate the patterns of the sequences of banks, and try to
describe the cyclesin Austrian Solitaire.
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For L =7, Austrian Solitaire on 15 cards has a unique cycle (0; 7, 5, 3), (3; 6, 4, 2), (6;
5,3,1),2;7,4,2),(5,6,3,1),(1;7,5,2), (46,4, 1), (0; 7, 5, 3),.... We observe the
“bank sequence™: 0,3,6,2,5,1,4,0, ... can be divided into 3 increasing subsequences <0,3,6>,
<2,5> and <1,4>, the numbers in these 3 subsequences satisfy 2-0=5-3=1-6 (mod
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7),and1-2=4-5(mod 7). In genera, we propose the following conjecture for the bank
sequence in Austrian Solitaire

Conjecture4. Letby, by,..., by, b1,... be a cycle in the bank sequence.
If by, >by, bi<by<..<bs, bs>Dsi1, DPm>bmi1,and Dby <bmez then
(1) b1 —br =bmez — by = ... = bmes— bs (Mod L);
(2)if by # bms+ then theintersection of the sets{ by, b,..., bs} and
{ Pme1, Pz yeee , Pmesa} isthe empty set.

For a cyclic L-partition A of n, the period of A is the smallest positive integer k
satisfying A ¥( 2 ) = 1. For example, when L = 5 the period of A = (0; 5, 2) is 3. We propose

Conjecture5. For any cyclic L-partition A of n, the period of A isat most L.

The goal of this project is to prove or disprove the conjectures listed above. We also
try to describe the cyclesin Austrian Solitaire.

(2) #5834

Conjecture 4 is true for most cases we investigated. However, we found a
counterexample: For L = 6 and n = 20, we consider the cyclic L-partition A = (0; 7,6,4,2,1),
the bank sequence of A = (0, 5, 2, 6, 3, 0,...) does not satisfy statement (1) in Conjecture 4.

Though Conjecture 4 is disproved. From the cyclic L-partitions we studied, we observe
that each b; in a period of a bank sequence occurs at most once. If this is true, then
Conjecture 5 follows immediately.

By associating each L-partition A of n with a (0,1)-array, we observe an easy way to
describe the cyclesin Austrian Solitaire.  For example, for n = 13, the cycle starting with
the cyclic L-partition A = (0; 7, 4, 1) corresponds to the pattern (3, 2, 2, 3, 2, 2, ...); for n
= 15, the cycle starting with the cyclic L-partition A = (0; 7, 5, 3) corresponds to the
pattern (3, 3, 3, 3, ...). In genera, we see some patterns of cycles in Austrian Solitaire.
But we have not found an exact formulato describe the cycles so far.
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We take Conjecture 5 as a corollary of Conjecture 4. However, we found a
counterexample of Conjecture 4. We will try other ways to prove Conjecture 5. If this can be
done, we will try to submit the results, including the patterns of cycles we found in this
project to ajournal for publication.



