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Akin and Davis introduced Austrian Solitaire. It proceeds as follows: Start by laying
out piles from a deck of n cards such that each pile has size < L, where L is some fixed
integer. One special pile called the bank is reserved on the side. A move of this game
consists of two steps. First, remove one card from each ordinary pile and put it in the bank.
Now from the bank lay out new piles of size exactly equal to L, continuing until the size of
the bank is < L (including the possibility of exhausting the bank). The operation is repeated
over and over.

Starting from any division into piles, one always reaches some cycle of partitions of .
For example, starting from (0;4,3), where the first number in the parentheses corresponds to
the bank, the successors are (2;3,2), (0;4,2,1), (3;3,1), (1;4,2), (3;3,1).... Note that (3;3,1),
(1;4,2), (3;3,1), (1;4,2) form a cycle.

Akin and Davis suggested the problem of describing the cycles in Austrian Solitaire. In
particular, they conjectured that for any fixed deck size n and fixed integer L, there is a
unique cycle. We will study the cycles of Austrian Solitaire in this project.
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Akin and Davis [1] introduced Austrian Solitaire. (The idea for the game arose when
they were reading a discussion of the so-called Austrian school of capital theory.) It
proceeds as follows: Start by laying out piles from a deck of n cards such that each pile has
size L, where L is some fixed integer. One special pile called the bank is reserved on the
side.

A move A; of this game consists of two steps. First, remove one card from each
ordinary pile and put it in the bank. Now from the bank lay out new piles of size exactly
equal to L, continuing until the size of the bank is < L (including the possibility of

exhausting the bank). The operation A4, is repeated over and over.

Assume n and L are positive integers and n > L. We say A= (Ag; Ay, Aa,..., Ag) is an
L-partition of n (with s parts), provided 0 <Ay <L, L > A; >\, >...>A; > 1, and these integers
A: add up to n. Then each A corresponds to a stage in Austrian Solitaire with the bank Ao and
ordinary piles A;, 1 <i <s. So Austrian Solitaire can be viewed as a way of changing one
L-partition of n into another. For instance, if L = 4 and A = (0;4,3), then the successors of A
are Af( N ) = (2:3,2), ALV(N) = (0:4.2,1), AL7(N ) = 333,1), 4LV(N ) = (134.2), 4,7(N ) =
(3;3,1),.... Note that (3;3,1), (1;4,2), (3;3,1), (1;4,2), ... form a cycle.

This game has the following economic interpretation: Think of the ordinary piles as
machines. Each machine has, when new, a life of exactly L years. The size of a pile is the
number of productive years left for a particular machine. Each year it ages one year (and so
one card is removed from the pile). For each machine on line the company deposits 1/ L of
its cost into the bank as a sinking fund. Then it buys as many new machines as it can afford,

and the remaining funds are left in the bank until next year.

The purpose of this project is to study the cycles in Austrian Solitaire.
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For Austrian Solitaire, Akin and Davis[ 1] proposed

Conjecturel. For any fixed deck size n and fixed integer L, there is a unique cycle.

We say an L-partition of n is cyclic if A;"( X )=\ for some i > 0.
Note that A = (0; 5, 2) is a cyclic 5-partition of 7 and A’ = (0;5,5,4,3,2,2,1) is a cyclic
S-partition of 22. In general, we have

Proposition 2. Let n' =n+ (1+2+ ... + L).
(1) If Ais a cyclic L-partition of n, and A’ is the partition obtained by adding the L parts
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{L,L-1, ..., 1} to A thenA"is a cyclic L-partition of n'.
(2) Let A" bea cyclic L-partition  of n'. If every L-partition in the cycle of A’
consists of at least one part of i, for i = 1, ..., L, and A is the partition obtained by
removing the L parts {L, L -1, ..., 1} from A", then A is a cyclic L-partition of n.

Conjecture 3. If n' > 1+2+ ... + L, then every cyclic L-partition of n' consists of at least
one part of i, for i = 1, ..., L. (Thus the number of cycles for n' cards equals the number of
cycles forn - (1+2+ ... + L) cards.)

If Conjecture 3 is true, without loss of generality, we may assume that the number of

cards in Austrian solitaire 1s at most 1+2+ ... + L.

Note that A = (0; 5, 2) is a cyclic 5-partition of 7 and A" = (4;4,3,1) is a cyclic
S-partition of 12. In general, we have

Proposition 4. Let n +n' = 142+ ... + L +( L -1). Let A= (Ao; A1, Aa,..., As) be a cyclic
L-partition of n. If Ni#M\; for all i > j >0, then the L-partition of n'

A=(L-1-No; A1, Ay, A1),
where { A1, Aoy, Apsy=4{1,2,..,L}\{ A, Aq,..., As }, is cyclic.

The condition A; # A; in Proposition 4 seems not necessary, we propose
Conjecture 5. Let n' < 142+ ... + L + (L -1). If A= (Ao; A1, Ao,..., Ay) is a cyclic
L-partition of n, then A;# A; for all i > j > 0.

For a cyclic L-partition A of n, the period of A is the smallest positive integer k
satisfying 4,)( A ) = \. For example, when L = 5 the period of A = (0; 5, 2) is 3. We propose

Conjecture 6. For any cyclic L-partition N of n, the period of N is at most L.

The goal of this project is to prove or disprove some of the conjectures listed above.
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By associating each L-partition A of n with a (0,1)-array, we showed some properties of
Austrian solitaire and we proved both Conjectures 3 and 5. Thus, without loss of
generality, we may assume that the number of cards in Austrian solitaire is at most
1+2+ ... + L. Further, if n +n'= 142+ ... + L + ( L -1), there is a one to one



correspondence between the cyclic L-partitions of n and the cyclic L-partitions of n'.

1. E. Akin and M. Davis, Bulgarian solitaire, Amer. Math. Monthly 4 {1985}, 237--250.

The proofs of Conjectures 3 and 5 are found. Though we have not solved Conjecture 1
proposed by Akin and Davis [1]. But the results of this project cut down the details of Austrian
solitaire and can help us learn the cycles in Austrian solitaire. We will try to submit the results to

a journal for publication.



