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Abstract

Consider a system of f lines where the system is
failed if and only if there exist two consecutive failed
nodes on some line. The problem is to assign items
with different reliabilities p; to the nodes to maximize
the system reliability.

In a sequential assignment, the 1 lines are ordered
and the nodes in a line are ordered naturally. Thus the
n nodes are ordered linearly to receive assignment and
the state of an item (working or failed) becomes
known once it is assigned to the node.

An optimal assignment is invariant if it depends
only on the ranks of p, but not their values. Invariant
sequential assignment is known to exist for the 1-line
system. In this project, we show that invariant
assignment does not exist in general for the t-line
system if £>1,
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Let S{k), ..., &} denote a system of m lines
with lengths %, ..., &. Let N be a set of

H=Z:=lkf items ]la “hes ]m thre 1; has

probability p; of working and probability ¢; =
1 - p; of failure. Without loss of generality,
we assume p, < p, <---< p,. The n items

are to be assigned to the » nodes in §, which
fails if and only if there exist two failed
nodes adjacent in a line of S. According to
the order of nodes receiving assignments,
Hwang [3] suggests three different
assignment  problems. (i) Sequential
assignment. The ¢ lines are ordered and the
nodes in a line are ordered naturally. Thus
the n nodes are ordered linearly to receive
assignment. Let S(ky, ..., &) denote a system
to receive a sequential assignment and
Ri(ky, ..., k) its reliability (probability of
system working under assignment A). (ii}
Permutational assignment, To find a
permutation of the lines followed by a
sequential assignment under that permutation.
Let §{ki, ..., &} denote a system 1o receive a
permutational  assignment. (iii) Dynamic
assignment. The n nodes can receive
assignment in any order. Let Sfk,, ..., k]
denote a system to receive a dynamic
assignment.

A sequential (permutation, dynamic)
assignment is optimal if it maximizes the
teliability over all assignments in the
respective class. Let S¥ ) (S*{ }, S D
denote an optimal assignment, and R¥ )
(R*{ }, R¥ )) its reliability. An optimal
assignment is called invariant if it depends
only on the ranking of py, ..., p,, but not their
values. For S{n} consisting of a singlc line,
sequentral  assignment and permutation
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assignment are the same. Derman,
Lieberman and Ross {1] gave an invariant
assignment for S(»y=S{n}. Ho and Hwang (2]
proved that no invariant assignment exists for
S[z], but they reduced the number of
candidates for optimal dynamic assignment
o {_n/2J.

For sequential assignment on many lines,
Hwang {3} proved

Theorem. There exists an optimal
sequential assignment for S(z) in which a
failed component is followed by the most
reliable item among the unassigned.

Let S; denote an optimal assignment
among those which assign /; first, and let R
denote the reliability of S, . Derman,
Licberman and Ross [1] proved that
S"(n)=5; (n). Hwang [3] generalized this
result and showed

Theorem. S (n)=S,(n) in the invariant
sense if and only if 1<i<|{r/2]+1.

For 2-line system, he also proved

Theorem.
R2E) =R (k2 = R(k2) =

and no other permutational assignment is
invariant.

In this project we study invariant
sequential assignments for general system

Sk, ... k).
ZEXRHR

For the sequential assignments on the
systema  S(k;,k,) with k, £5, we prove

Theorem 1.
() I k=1, then R (k,1)=R (kD) for
2<iglhr2]+2.

@) If k22, then R'(£2)=R(k2)
for 2<i<|[ki2]+1.
(iif) I k=2, then R'(£3)=R (k3)

= *,,,2}(](,2)

for 3<i<|k/2]+2.

(tv) If k=24, then R'(£,4)=R (k4)
for 3<i<|k/2]+1.

(v) If k24, then R'(k5)=R (k5)
for 4<i<{k/2]+2.

Note that Theorem [ implies that

Corollary 2. Invariant  sequential
assignments exist for the system S(k,,4,), if
k=1 and &,<5.

Hwang [3] pointed out that no invariant
assignment exists for the system $(2,6), since
RI(26)< R(2,6)< R(26)< R(2,6)<
R;(2,6), Rs(2,6)2 R;(2,6)> Ry(2,6), and
R;(2,6)~R.(26) =
(Ps = Ps)Ps (=4, P P3P + P19:9:94P7) >
where the sign of R;(2,6)~R.(2,6) does
not only depend on the ranking of p,'s
(assuming p, <p,<---<p, ), but also

depends on their values. We say such two
reliabilities are incomparable. In general, for
S(2,k) system we show

Theorem 3.

@ RQB<R, (20 , if k24 and
1<ig[/2]+1.

(i) R(2,k)2R.,(2,k), if k>4and i=k
or £+1.

(i) R (2,k)and R}, (2 k)are incomparabie,
if k>6and [k/2]+2<i<k-1,

Note that from Theorem 3, there does
not exist an invariant sequential assignment
for any S(2,k) system with &2 6. We also
note that the nomnexistence of an invariant
sequential assignment for an S(i,k) system
implies the nonexistence of an invariant
sequential assignment for an S(i+1,£) system.
Combining these and Corollary 2, we have

Theorem 4. For an S(k,k,) system, no
invariant sequential assignments exist if’ and
onlyif £, 22 and £k, 26.
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Finally, since a #-line system for ¢ >3
contains a 2-line system as a subsystem, and
since the nonexistence of invariant
assignment to a subsystem implies the same
for the system, we conclude that no invariant
assignments exist for S(k,, ..., k,) in general
for ¢>3.
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The goal of this project is to prove
Theorems 1 and 4. Both proofs are found.
Not only we study the invariant sequential
assignments for 2-ling system, but also we
have the results for general #line system,
t23.
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