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Taneichi (1993) considered the J-divergence statistics for tseting the goodness-
of-fit of the multinomial distribution, which includes the likelihood ratio is special
case. Therefore, we are interested in a measure of departure from symmetry about
the main diagonal of square contingency tables having the same nomial row and
column classifications, based on the J-divergence type of discrepancy. The purpose
of this project is to propose a J-divergence-type measure which represents the degree
of departure from symmetry for square contingency tables. The measure would be

useful for comparing the degree of departure from symmetry in several tables.
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1. Introduction

Consider an R x R contingency table that has the same nominal row and column
classifications. For the analysis of such tables, interest would be in the symmetry
about the main diagonal of the table rather than the independence between the row
and column variables. Let p;; denote the probability that an observation will fall in
the :th row and jth column of the table (1 =1,2,...,R;7 = 1,2,..., R). The usual

symmetry model is defined as
DPi; = Dji fori:l,z,...,R;j =1,2,...,R;i7§j.

See Bowker (1948), Bishop et al. (1975, p.282) and Agresti (1984, p.202; 1990,
p.353).

| Assuming that {p;; + p;;} for i # j are all positive, Tomizawa (1994) proposed

two kinds of measures to represent the degree of departure from symmetry. The two

kinds of measures are defined in the population form by

1 2pi;
= i log ——2—
bs blog 2 #iju 8 Pi; + P

¢ (pis — psi)?
Py =2 ) —,
é ; Di; + pyi
where § = 3 ... p; and Olog0 = 0. Let p; = pii/é and pf; = (pf; + p3;)/2 for

1=1,2,...,R;7=1,2,...,R; 1 # j. Then ¢, and 1, may be also expressed as

_ I(p*p°) g s
@—l%z,%—D@mL
where
. s N oF . s (o5 — 0%)°
I(p*;p*) = D _pjlog =2, D(p*;p*) = 5 20
i#] Py iz P
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Note that {(p*; p*) and D(p*; p®) are the Kullback-Leibler information and the Pear-
son’s chi-square type discrepancy, respectively, between {p}; }i#; and {p}; }izj. The
sample version of these measures are also expressed by modifying the likelihood ratio
and the Pearson chi-squared statistics for testing the goodness of fit of the symmetry
model (see Tomizawa (1994) for details).

Furthermore, Tomizawa (1998) et al. proposed a power-divergence-type measure
which represents the degree of departure from symmetry for square contingency

tables. The power-divergence-type measure is defined by

AA+1 o
80 = 20F L) 100 3 ), for 2 > -, 1)

where
1

P
1) = Sy SR -

and the value at A = 0 is taken to be the limit as A — 0. Note that ®©® and &)
in equation (1) are the same ¢, and v, respectively. (For more details of the power
divergence I(:;-), see Cressie and Read (1984) and Read and Cressie (1988).)

Taneichi (1993) considered the J-divergence statistics for testing goodness-of-
fit of the multinomial distribution, which includes the likelihood ratio statistics in
special case. Therefore, we are interested in a measure of departure from symmetry,
based on the J-divergence type of discrepancy.

‘The purpose of this project is to propose a J-divergence-type measure which
represents the degree of departure from symmetry for square contingency tables.

The measure would be useful for comparing the degree of departure from symmetry

in several tables.

2. Measures of departure from symmetry
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Assume that {p;; + p;i} for i # j are all positive. Let
5= pi
#]
p; = pi;/6 and pi; = (pf;+p})/2fori=1,2,... R j =1,2,..., R;i # j. Note that
p; indicates the probability that an observation falls in cell (7, 7), on the condition
that the observation will fall in one of the off-diagonal cells of a square table; j2f
indicates half the probability that an observation will fall in one of the off-diagonal
cells of a square table; and p;; = pi; for all 2 and j if and only if the symmetry model
hold (i.e. pf; indicates the probability that an.observation falls in cell (4, 7), on the
condition that the observation will fall in one of the off-diagonal cells of a square
table when the symmetry model holds).

The J-divergence type measure is defined by

V) = Ca)J({p5}; {pg}), for a > 1, (2)
where
_ —(a—1)
o) = e e e 1
(@) £ V- (51} — L Gijtbia 1o o va
J ({a,J},{b,J}) T a—1 Z{( 5 )~ 5[(‘113) +(bu) ]}1

i<j

and the value at a =1 is taken to be the limit as o — 1. Thus,

3

gt = (“TSlog Z)’IJ{I)({P;}} {r; 1)

where

—1 ais + bi‘
JU({ai;}; {b5}) = - Y e + byj) 108;(%) — a;;log a;; — by; log byl

i<F




Note that J)({a;;}; {b;;}) is the J-divergence between two distributions {ai;} and
{b:;}.

Let pf; = pij/(pij + pji) for i = 1,2,..., Ry j = 1,2,...,R; i # j. Note that pf,
indicates the probability that an observation falls in cell (¢, j), on the condition that
the observation will fall in cell (,7) or (j,1) of the R x R table; and p5; = 1/2 for

all ¢ and j if and only if the symmetry model holds. Then ¥{*} may be expressed as

o * LAY} 2 c C l 1
V) = C0) 305 + 550715 (5. 15 {50 5 1) for a2 1,

i<y
where
@y Tl Pat 20 Lcva Lo B2 L1
I = S P = 5105 + ()1 + () — e +(5))
and the value at & = 1 is taken to be the limit as & ~ 1. Thus,
—3 3 - * =\ c .c 11
VAR (_4“ log Z) 12(1—"1‘,‘ + Pj:‘) Ji(jl)({Pij,Pji}Q {‘2', 5}),
1<
where
—1 ¢ 1 pf' + 1/2 c c 1 L
Ji(jl)('; )= ?[(PU + E)log(—J"‘?_) - Dy log P — 2 log 2 +
c 1 pq,‘ + 1/2 c c 1 1
(Pli + 5) log(=———) = Pj;log pj; — 7 log 51

We see that the measure U™ must lie between 0 and 1. Also, for each « (> 1),
(i) there is a structure of symmetry in the R x R table if and only if ¥{*) = 0, and
(i1) the degree of departure from symmetry is the largest in the sense that pi =1
(then pf; = 0) or p% =1 (then p§; =0) fori = 1,2,--- R; j = 1,2,--- , Ry 1 # j; if
and only if ¥} = 1. According to the weight sum of J-divergence, ¥(®) represents
the degree of departure from symmetry, and the degree increases as the value of

U@ jpcreases.




3. Measures for each pair of symmetric cells

When the symmetry model does not hold, we are interested in finding which
pair of cells (z,7) and (7,4) (for 1 < i < j < R) contribute most to the degree of
departure from symmetry. The larger the dimension of the table becomes, the more
important this may be. For the pair of cells (¢,7) and (j,7) (for 1 < i < j < R),

assuming that p;; + p;; > 0, consider the measure defined by
@(0) o {e) C M. 11 f =~
ij = (Q)Jij ({Pfjspji}a{§a§})a ora 2l

where the value at A = 1 is taken to be the limit as A — 1.

4. Approximate confidence intervals for measures

Let n;; denote the observed frequency in the ith row and jth column of the
table ( = 1,2,...,R;7 = 1,2,..., R). Assuming that a multinomial distribution
applies to the R x R table, we shall consider an approximate standard error and
large-sample confidence interval for each measure, say ¥, using the delta method,
descriptions of which are given by Bishop et al. (1975, Section 14.6) and Agresti
(1984, p.185, Appendix C). The sample version of ¥, i.e., ¥, is given by ¥ with
{pi;} replaced by {pi;}, where p;; = ni;/n and n = ¥ n;;. Using the delta method,
\/E(‘i’ — W) has asymptotically (as n — o) a normal distribution with mean zero
and variance o?(¥). (See Appendix for the values of variance for the measures ¢(®)
and \IIS;')) Let 6%(¥) denote ¢?(W) with {p;;} replace by {p;;}. Then, &(¥)/n'/?
is an estimated standard error for ¥, and ¥ + 2,/26(¥)/n/? is an approximate
100(1 — p)% confidence interval for ¥, where z,/; is the percentage point from the

standard normal distribution that corresponds to a two-tail probability equal to p.




Appendix

Using the delta method, n'/%(W — W) has asymptotical variance o*(¥) as follows:

2wl = {z pi; A(a) (IIJ("))Z}, for o > 1

]
where
@ _ 1 gee L @i
Atj (a—-I)C(Cx){[Q“(pU_*_Q) 2(ptj) 1
C o a—1 1 [2 o C NG — o C Yox—
+apij[2_a(pq ) ( Py + 5) T 5(}3;';‘) '+ 5‘(?;’5) '

Also, for 1 < ¢ < 7 < R, we have

(o= DO ZE [ (58, + 1)o7 — & (55, + 1)
UQ(KI’(:}) . -%(pu)a e 2(th)0* 2 fora>1;
7 ¢ oe
(3mogy )" 520 {3 llog (w5 + 5) — log (v + 1)
— log p¢; + log p%]}? for a = 1.

Note that o*(¥(®) and 02(‘@5?)) are equal to the limits of o?{¥(®)) and 02('If£f)),

respectively, as o — 1.
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