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A study of the isomorphism problems of endomorphism algebras
of modules over discrete valuation domains
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Abstract

An isomorphism theorem {or and iso-
morphism problem) is one which con-
cludes that two modules over the same
ring are isomorphic if their endomor-
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phism rings are isomorphic. f M and N
are torsion modules over a complete
discrete valuation domain R such that
End(M) and End(N) are isomorphic,
then Baer and Kaplansky [K54] proved
that M and N are isomorphic modules.
Wolfson [W62] proved a similar theo-
rem for torsion-free modules.

In this project, our primary purpose
is to consider an arbitrary module M
over a complete discrete valuation do-
main R, and search all possible condi-
tions, under which the isomorphism
End(M) = End(N) will give an isomor-
phism from M onto N. As results, we
show that the isomorphism problems of
modules over a complete discrete valua-
tion domain can be reduced to the iso-
mor phism problems of reduced modules
M with M/ tM divisible, and solve one of
such isomorphism problems.
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A discrete valuation domain R is a
PID with exactly one prime element p.
For an R-module M, where R is a dis-
crete valuation domain, we can intro-
duce a topology on M by taking
{p"M :n € Z,n >0} to be a fundamen-



tal system neighborhood of 0. A comple- 1.

te R-module M is a Hausdorff topologi-
cal space in which every Cauchy se
quence converges. To fix notation,
throughout this report, we shall denote
R a complete discrete valuation domain.
If Mis an R-module, the torsion sub-
module of M will be denoted by tM. We
denote the divisible summand of M
byp*M. Thus M = (M/p*M)® p™M,
where M/p*M is reduced.

Given R-modules M and N, we have
two associated R-algebras End(M) and
End(N). Suppose there is an isomor-
phism & : End(M) — End(N) between
End(M) and End(N). A (strong) iso-
morphism theorem (or an isomorphism
problem) is to conclude that @ is in-
duced by an isomorphism ¢: M — N;
ie, ®(a)=¢pap’ for each o in End{M).

In 1954, Kaplansky in his book, in-
finite abelian group [K54], proved an
isomorphism theorem for the endomor-
phism algebras of torsion modules over
a complete discrete valuation domain.
The existence of indecomposable sum-
mands for torsion-free modules enabled
Wolfson [W62) to prove a similar theo-
rem in the torsion-free case. Kaplan-
sky’s and Wolfsan's theorems have two
things in common: (1) they put condi-
tions on both modules; (2) they required
that both modules be in the same class
(i.e., either both torsion or both tor-
sion-free). There is another type of iso-
morphism theorem, in which the class of
only one of the modules is specified. For
instance, May [M78] proved the theo-
rem: If M is a nontorsion divisible module,
then any isomorphism
@ End(M) — End(N) is induced by an
isomorphism ¢: M — NV,

In this project we wish to do two
things.

We’ll show the isomorphism prob-
lems of modules over a complete
discrete valuation domain can be
reduced to the isomorphism prob-
lems of reduced modules M with
M/ tM divisible.

2. We'll present an isomorphism theo-
rem for a reduced module M with
M/ tM divisible.

EERaWH

Given modules M and N, suppose ®
is an isomorphism from End(M) onto
End(N). By using the fact that M can be
decompose as a direct sum of A and D
(i.e,, M =A® D), where A is reduced
and D is divisible, we can get a decom-
position N =A@ D", and obtain two
isomorphisms. End(4) = End(4") and
End(D) = End(D").

Next, consider the possibility that
whether there is an indecomposable
torsion-free summand in D [F70, Theo-
rem 23.1], then using the proofing tech-
nigue of Kaplansky’s theorem [K54] and
May’s theorem [M78], we could divide
(a long process) the isomorphism prob-
lem into several cases, and end with the
result: The solutions of the isomorphism
problems for modules over complete dis-
crete valuation domains depends on the
solutions of the isomorphism problem for
reduced modules M with M/tM divisible.
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Definition: A module M over a complete
discrete valuation domain R is said to
have the (strong) isomorphism property
if ®:End(M)— End(N) is an isomor-
phism, then there is an isomorphism
¢: M — N such that ®(a) = ¢a¢’ for
each & in End(M).
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Theorem: Let M and N be reduced mod-
ules such that M/tM and N/tN are
divisible. If N has the strong isomorphism
property and M can be embedded as a
summand of N, then M &N has the
strong isomorphism property.
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